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I. INTRODUCTION
It is well known that thermodynamic and structural properties of polyelectrolyte solutions in homogeneous state mainly determined by the correlation attraction of like-charged particles which is related to long-range Coulomb interaction 1, [4] [5] [6] [9] [10] [11] [12] . Moreover, in polyelectrolyte solutions the collective effects relating to strong correlated monomer concentration fluctuations due to chain structure of macromolecules and excluded volume interactions between monomers in a regime of semi-dilute solution also play a crucial role 7, 8 . Thus, a combination of these effects complicates a theoretical description of thermodynamics of polyelectrolyte solution in wide ranges of monomer concentration and temperature.
At present, it is well known that in salt-free flexible chain polyelectrolyte solutions a liquid-liquid phase separation due to strong correlation attraction can take place. This is evidenced by multiple theoretical works [15] [16] [17] 19, [23] [24] [25] and results of Monte-Carlo simulation 18 .
However, to best of our knowledge there are no theoretical models which would able to predict correct critical parameters of such pure electrostatic phase transition. The problem due to which the theoretical values of the critical parameters significantly deviate from results of Monte-Carlo simulation is three-fold. Firstly, in a series of studies the correlation attraction into the total Helmholtz free energy omitted 13, 14, 16 or described at the level of Debye-Hueckel approximation 15, 17, 23, 24 , although the critical point of the discussed electrostatic phase transition located far from the range of applicability of linear Debye-Hueckel theory 18 . In work 25 the contribution of correlation attraction was described at the level of mean-spherical approximation (MSA) that allowed to obtain a good agreement with simulation results for critical temperature but underestimated critical monomer concentration.
The second reason is related to the fact that most existing theoretical works [15] [16] [17] 19, 23, 24 do not take into account the effects of monomer concentration fluctuations in the regime of semi-dilute polymer solution, which as was already mentioned above should be important for polyelectrolyte solutions as well as for solutions of neutral polymers 1, 10 . In order to evaluate a contribution of non-electrostatic interactions into the total free energy of the solution usually authors use some variants of mean-field approximation [15] [16] [17] 19, 23, 24 within which the fluctuation effects are fully ignored 1, 7, 8 . Finally, all above mentioned theoretical models based on the implicit assumption that contributions of electrostatic and non-electrostatic interactions are independent each other. We would like to stress that methodology which based on a procedure of "construction" of the total free energy by using the expressions obtained within different theoretical approaches strickly speacking cannot be justified from first principles of statistical thermodynamics.
In reference 19 addressed an interesting observation that one can obtain reasonable values of the critical parameters if use the modified random phase approxiation (MRPA) for calculation of the electrostatic contribution into the free energy of the solution. MRPA was developed in works 20, 21 and in contrast on standard random phase approximation (RPA)
contains a concept of ultraviolet cut-off in procedure of integration over vectors of reciprocal space. The parameter of ultraviolet cut-off determined from the condition of equality between number of degrees of freedom of the system and number of collective variables which contribute into the total free energy numerated by elements of reciprocal space. Therefore, 
II. THEORY
In this section we present a theoretical model based on TPT formalism in order to describe the thermodynamics of salt-free flexible chain polyelectrolyte solution. We assume that charged polymer chains and counterions immersed in a good solvent which modelled as structureless dielectric medium with dielectric permittivity ε. Moreover, we take into account an excluded volume of monomers and counterions modeling their as hard spheres of diameter d. For simplicity we also assume that each monomer has a fixed charge −e, whereas counterions have opposite charge +e (a case of monovalent counterions). Thus a free energy of the solution one can write within canonical ensemble in a following form
where a partition function Z of the solution takes the form
where
is a model Hamiltonian of the system, where the following short-hand notations have been
is a Coulomb potential,ρ
is a microscopic charge density of monomers,
is a microscopic charge density of counterions,
is Hamiltonian of excluded volume interaction monomer-monomer; w =
is a second virial coefficient of excluded volume interaction of hard spheres of diameter d;
is Hamiltonian of excluded volume interaction of counterion-counterion;
is a hard-core potential,
is Hamiltonian of excluded volume interaction of counterion-monomer. Moreover, has been introduced the following notations:
is a measure of integration over the configurations of polymer chains, b is a Kuhn length of the segment, N p is a number of polymer chains, N is a degree of polymerization of polymer chains;
is a measure of integration over a phase space of counterions, N c is a total number of counterions, V is a volume of the system. The symbol DR(..) in (11) denotes a functional integration over configurations of the polymer chain. Moreover, we determine a following normalization condition:
In order to take into account a monomer-counterion excluded volume interaction we use an
The approximation (14) is a simplest way to include into the theory depletion effect 26 . In the renormalized measure dΓ p (·) we have the following normalization condition
where V f = V − N c v mc is a free volume for monomers. The model Hamiltonian (3) one can rewrite by the following way
is a Hamiltonian of polymer one component plasma (POCP),
is a Hamiltonian of hard-core one component plasma (HCOCP);
is a perturbation part of the total Hamiltonian; ρ c = e in a structureless neutralizing background we shall call throughout the paper as polymer one component plasma (POCP). Using the formalism of TPT we shall use a set of two independent ideal subsystems as a reference system -POCP of charged macromolecules and HCOCP of counterions. Hence, we get
where symbol (·) R denotes an averaging over microstates of the reference system
is a partition function of the reference system; H R = H HCOCP + H P OCP is a Hamiltonian of the reference system. Thus an expression for the total Helmholtz free energy F within the TPT approach has a following form
The expression for density of excess free energy of HCOCP has a following form
is a plasma parameter, η =
is packing fraction of counterions,
is a renormalized concentration of monomers (counterions), l B = e 2 /εk B T is a Bjerrum length, n m = N p N/V is concentration of monomers (counterions), and
1/3 is a number constant. Moreover, the following notations have been introduced
The equation (25) very accurate describes the thermodynamic properties of HCOCP in wide ranges of number density and temperature -from range of applicability of Debye-Hueckel theory to strong coupling regime 21 . Applying an analogous approach to calculation of free energy of POCP as well as for HCOCP 21 , we arrive at the following expression (see Appendix A):
where correlation contribution into the free energy of POCP can be determined by the expression
is a plasma parameter of monomers, σ = (9π 2 n m )
is a dimensionless parameter. The non-electrostatic part F P OCP,e.v. of the excess free energy of POCP can be determined by the expression which obtained by Edwards and Muthukumar within a field-theoretical approach 30 :
where correlation length ξ takes the form
and expansion factor α of neutral polymer chain satisfies the following equation
The expressions (31), (32) and (33) 
whereV
is a vector of auxiliary fields,
is a vector of fluctuations of local charge densities. Moreover, the additional notations have been introduced
and
An operatorV −1 can be determined by the following integral relation
Performing some cumbersome calculations (see Appendix B) we arrive at the expression
where the density of the perturbation part of the total density of free energy of the solution at the level of Gaussian approximation takes the form 
The corresponding expression for POCP also obtained within Gaussian approximation (see Appendix A) has a following form
where S(k) = n m ξ 3 1+k 2 ξ 2 is a well known expression for the structure factor of semi-dilute polymer solution 8 .
Substituting (43) and (44) into (42) and calculating integral we arrive at
where u = 4πl B n m 2 ξ 5 , v = 4πl B n m Z 0 ξ, and function G(u, v) has a form
Thus, we obtain the analytical expression for excess free energy of salt-free polyelectrolyte solution which taking into account the correlation attraction of charged particles, monomer concentration fluctuations in the regime of semi-dilute solution and mutual influence of these effects. It should be noted that the contributions of electrostatic and non-electrostatic interactions are not independent.
III. NUMERICAL RESULTS AND DISCUSSION
Turning to the numerical calculation we introduce the dimesionless monomer concen- We would like to stress that our theory allows to get accurate values of the critical parameters without concept of charge renormalization (counterion condensation). As well known, the counterion condensation is an essentially nonlinear effect 34,35 and consequently cannot be described within linear Debye-Hueckel type theory. However, our theoretical model go beyond the simple linear theory, so that it should take into account implicitly the effect of charge renormalization.
The limitation of the present theoretical model is related to the fact that it can be applied only to polyelectrolyte solution of sufficiently long polymer chains (i.e., in a case N → ∞).
However, as was shown in theoretical works [23] [24] [25] In conclusion, we would like to speculate about the reasons why a set of two independent one-component plasmas can be used for theoretical description of thermodynamics of saltfree polyelectrolyte solution near the critical point. As was predicted in reference 17 and confirmed by Monte-Carlo simulation in work 18 , the charged macromolecules near the critical point form a network from polyelectrolyte aggregates due to the strong correlation attraction.
Thus, in this case the charged network can be regarded as a weakly fluctuating background neutralizing the charge of counterions, whereas the mobile counterions immersed in the polymer network can be regarded as neutralizing background for charged macromolecules. 
V. APPENDIX A: DERIVATION OF FORMULAS (29) AND (44)
In this Appendix we give the derivation of expresions for excess free energy (29) and correlation function of charge density fluctuations (44) of POCP.
Let us represent the partition function of POCP in the following form
dΓ p e −βH P OCP,e.v. −βH P OCP,el ,
is a contribution into Hamiltonian of excluded volume interaction monomer-monomer,
is a measure of integration over configurations of Gaussian polymer chains,
is a contribution into Hamiltonian of electrostatic interactions monomer-monomer, monomerbackground, and background-background, ρ b = − ρ p (x) n.ch. is charge density of neutraliz-
is an electrostatic self-energy of monomers,
is a Coulomb potential. Now let us calculate the partition function (47) in the framework of TPT formalism which proposed in reference 29 . As a reference system we choose a set of neutral polymer chains with excluded volume. As was already mentioned in the main text, for free energy of such system there is an interpolation formula which taking into account effect of strongly correlated monomer concentration fluctuations in regime of semi-dilute polymer solution 30 .
Hence, we get
where δρ p (x) =ρ p (x) − ρ p (x) n.ch. is a local charge density fluctuation of monomers; Z n.ch.
is a partition function of solution of neutral polymer chains. The symbol (·) n.ch. denotes
an averaging over microstates of solution of neutral polymer chains.
Applying to (52) a standard Hubbard-Stratonovich transformation one can get
is a normalization constant; moreover, for simplicity the following short-hand notations have been introduced
The kernel of reciprocal operator V
−1 c
can be determined by the relation
Truncating a cumulant expansion in (53) in second order e i(δρpϕ) n.ch.
we obtain
where the symbol (·) c denotes the cumulant averaging 33 . Performing the calculation of Gaussian integral (59), we arrive at
where κ p = √ 4πl B n m . Following the idea which proposed in references 20, 21 we introduce the ultraviolet cut-off in the integration over wave vectors k in (60). In order to obtain the cut-off parameter Λ, we assume that total number of collective variables δρ p (k) which contribute into the total free energy of POCP is equal to the total number of degrees of freedom of POCP, i.e. 3N N p . Therefore, we have the relation
from which we obtain the expression for cut-off parameter
The prefactor 2 in the left-hand side of (62) means that during the summation (integration)
we have to take into account both real and imaginary parts of collective variable δρ p (k).
Thus, keeping in mind ultraviolet cut-off (62) and calculating integral in (60) we obtain
and is a dimensionless parameter.
Now let us present a calculation of correlation function (44) of the local charge density of POCP at the level of Gaussian approximation using a method of generating functional 36 .
The partition function of POCP immersed in imaginary auxiliary external field iψ(x) takes the form
Now, let us introduce the following generating functional
where Z[0] = Z P OCP . Thus the correlation function of local charge density of POCP can be determined by the double functional derivation of the generating functional P[ψ], i.e.
Using the Hubbard-Stratonovich transformation for the partition function Z[ψ] we obtain
(ϕV
Thus, we get a following functional representation for generating functional P[ψ]
is a perturbative part of the partition function. Performing a shift of integration variable ϕ → ϕ − ψ we obtain
(ϕV .
Using the cumulant expansion in integrand 
and truncating it in the second order one can get 
Where the kernel of integral operator D −1 can be determined by the following way
c (x − y) + β δρ p (x)δρ p (y) c .
Analogously, truncating the cumulant expansion in second order in Z pert and calculating the Gaussian integral we obtain 
and A is an integral operator which can be represented as
A(x − y) = β δρ p (x)δρ p (y) R = βe 2 n m S(x − y),
I is an identity operator, S(x − y) is a structure factor of neutral polymer chain in the good solvent. Using the relation (77) we obtain
whereÃ (k) = βe 2 n m S(k).
Thus we arrive at the following expression for Fourier image of correlation function of charge density fluctuations of POCP δρ p (k)δρ p (−k) P OCP = e 2 n m S(k)
Substituting the expression forṼ c (k) into (81) we arrive at (44).
VI. APPENDIX B: DERIVATION OF FORMULA (42)
In this Appendix we present a derivation of formula (42) 
Further we can introduce a following definition for perturbative part of the partition function 
where identity δρ(x) R = 0, and definition for the inverse operatorŴ 
have been taken into account. Further, calculating a Gaussian integral (83) we obtain
where matricesŴ −1 (k) иV −1 (k) can be determined aŝ
Further, calculating the determinants of matrices (86) and (87), substituting results into (85), and keeping in mind that βF pert = − 1 V ln Q pert , we obtain the formula (42).
